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Abstrat
We formulate a Yang-Mills ation priniple for nonommutative onnetions on
an endomorphism algebra of a vetor bundle. It is shown that there is an inuene of
the topology of the vetor bundle onto the struture of the vauums of the theory in a
non ommon way. This model displays a new kind of symmetry breaking mehanism.
Some mathematial tools are developed in relation with endomorphism algebras and
a new approah of the usual Chern-Weil homomorphism in topology is given.
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Introdution
We generalize the theory of nonommutative onnetions and nonommutative Yang-Mills
ation developed in [1, 2, 3℄ on the algebra C∞(M) ⊗ Mn(C) to the situation of non
trivial ber bundles, i.e. the situation where the algebra C∞(M)⊗Mn(C) is replaed by
the endomorphism algebra of a non trivial vetor bundle. The present work is a diret
ontinuation of the work made in [4, 5℄ where the key notions of the nonommutative
geometry of endomorphism algebras where introdued. The present artile ontain also
non-published results obtained in [6℄.
The goal of the three rst setions is to dene the mathematial notions neessary to
write and dene orretly a Yang-Mills ation priniple for a nonommutative onnetion
on a projetive module over an endomorphism algebra.
In the rst setion, we give an introdution to the notion of endomorphism algebra and
we illustrate the idea initiated in [5℄ that all notions whih are dened in the framework of
prinipal ber bundles an be formulated in a ompletely algebrai language using endo-
morphism algebras. We introdue the notion of assoiated projetive module orresponding
to the notion of assoiated vetor bundle and we generalize the notion of tensorial form.
At the end of this setiion, we develop a new approah of the Chern-Weil homomorphism
using endomorphism algebras.
In the seond setion, we introdue the notion of nonommutative onnetion whih
is essential to the formulation of a Yang-Mills ation priniple. We see that ordinary
onnetions play a partiular role and are useful to deompose the degrees of freedom of a
nonommutative onnetion in a ovariant way.
In the third part, we introdue the notion of metri and of integration for endomorphism
algebras.
In the last part, we formulate the Yang-Mills ation priniple and we perform an analysis
of the vauums of the theory. We ompare the results with the trivial situation and observe
that the topology of the vetor bundle an modify the struture of this vauums in a very
partiular way.
In the appendix, we develop the notion of Levi-Cità onnetion in relation to the notion
of metri introdued in setion 3.
1 Endomorphism algebra v.s. prinipal ber bundle
1.1 Endomorphism algebras
1.1.1 Denition
We onsider a vetor bundle E over a smooth manifoldM whih is assoiated to a prinipal
ber bundle P with struture group SL(n) (or SU(n)).
We denote E = Γ(E) the spae of smooth setion of E. This spae is isomorphi to the
spae of equivariant maps from P to V E , the vetor spae on whih E is modeled. The
group SL(n) ats on V E with a representation RE. We will denote E∗ the dual vetor
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bundle of E and E∗ its spae of setions. Then the bundle of endomorphisms of E is
End(E) ≃ E ⊗E∗.
The spae of setions of End(E) is an algebra that we will denote AE. We will all AE
the endomorphism algebra of E and we have:
AE = Γ(End(E)) ≃ Γ(E ⊗ E∗) .
1.1.2 Properties
The enter Z(AE) of the algebra AE is isomorphi to C∞(M). The isomorphism is given
by the embedding:
C∞(M)→ AE
f 7→ f · 1l
We an also dene the maps Tr and det from AE to C∞(M) whih generalize the trae
and determinant maps on matries. On has then a natural splitting of the algebra AE as
a Z(AE)-module:
AE = AE0 ⊕ Z(A
E)
where AE0 = sl(A
E) is the sub-Z(AE)-module of elements of AE without trae. It has
naturally a struture of Lie algebra, with the ommutator of the algebra as Lie braket.
The algebra AE is Morita equivalent to the algebra C∞(M). This equivalene an be
expliitely shown by onsidering the C∞(M) − AE-bimodule E∗ and the AE − C∞(M)-
bimodule E . Then one has:
AE ≃ E ⊗C∞(M) E
∗
and C∞(M) ≃ E∗ ⊗AE E
Hene, we have an equivalene between the ategories of (right) modulesMAE andMC∞(M).
As a onsequene, we have that every right (resp. left) AE-module M is isomorphi to a
F ⊗C∞(M) E
∗
(resp. E ⊗C∞(M) F) with F a module over C
∞(M).
1.2 The algebra orresponding to a prinipal ber bundle
For a given prinipal ber bundle P with struture group SL(n), we an onsider the
assoiated vetor bundle E = P⋉SL(n)C
n
orresponding to the fundamental representation
of SL(n) on Cn. We will onsider the algebra of endomorphism whih orrespond to this
vetor bundle as the algebra of endomorphism anonially assoiated to the prinipal ber
bundle P . We will denote it A.
We will see that this algebra is a better andidate than the algebra C∞(P ) to represent
in the ategory of algebras the prinipal ber bundle P . Obviously, the fat that P has a
non abelian struture group is enoded in the nonommutativity of the algebra A. In fat,
it an be shown [5℄ that A and P are related by the following relation:
A ≃ (C∞(P )⊗Mn(C))SL(n)−invariant ≃ Γ(P ⋉SL(n) Mn(C)) .
4
with the SL(n) ation given by the right multipliation on P and the adjoint ation on
Mn(C). It is useful to introdue the bigger algebra B = C
∞(P ) ⊗Mn(C). So A is an
invariant subalgebra of B. We an remark that the algebra C∞(P ) is also an invariant
subalgebra of B but with a dierent ation (just on matries) of SL(n).
1.3 Derivations of the algebra
We will now analyze the struture of derivations of the algebra A. We have the anoni
short exat sequene of Lie algebras and Z(A)-modules:
Int(A) 

//
Der(A)
ρ
// //
Out(A) (1)
where Der(A) is the spae of derivations , Int(A) is the spae of inner derivations and
Out(A) ≃ Der(A)/Int(A) is the spae of outer derivations of the algebra. Here, one has
Out(A) = Γ(TM), the Lie algebra of vetor elds on M and the map ρ is indued by the
restrition of derivations to the enter of the algebra.
Inner derivations are in the image of the adjoint map:
ad : A // Int(A)
γ  // adγ : a 7→ [γ, a]
The restrition of this map to A0 = sl(A) is an isomorphism of Lie algebras and C
∞(M)-
modules with inverse given by:
iθ : Int(A)
≃
// A0
adγ

// γ
The exat sequene (1) reads then here:
0 // A0
ad
//
Der(A)
ρ
// Γ(TM) // 0
X

// ρ(X )
γ  // adγ
(2)
1.4 Derivation based dierential alulus
There is a natural dierential alulus on A whih is the dierential alulus based on
derivations introdued in [7℄. This alulus is a diret generalization of the de Rham dier-
ential alulus on the smooth manifold M , where vetor elds are replaed by derivations
of the algebra.
We rst dene the dierential alulus (Ω
Der
(A), dˆ), where
Ω∗
Der
(A) =
( ∗∧
Z(A)
Der(A)
)⋆A
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is the set of Z(A)-multilinear anti-symmetri appliations from Der(A) to A, and dˆ the
dierential dene by the Koszul formula:
dˆω(X1, . . . ,Xn+1) =
n+1∑
i=1
(−1)i+1Xiω(X1, . . .
i
∨. . . . ,Xn+1)
+
∑
1≤i<j≤n+1
(−1)i+jω([Xi,Xj], . . .
i
∨. . . .
j
∨. . . . ,Xn+1) . (3)
for all ω ∈ Ωn
Der
(A).
It is also natural to dene the dierential alulus (Ω
Der
(A), dˆ) where Ω
Der
(A) is the
sub-graded dierential algebra of Ω
Der
(A) generate by A.
For an endomorphism algebra, it an be show that Ω
Der
(A) ≃ Ω
Der
(A).
1.5 The role of ordinary onnetions
1.5.1 Splitting of exat sequene
One an split the exat sequene of derivations (2) as an exat sequene of Z(A)-modules
with the help of an ordinary onnetion on E. Let us onsider a onnetion ∇E on E. The
orresponding onnetion ∇ = ∇E ⊗ ∇E
∗
on End(E) is identied anonially whith an
appliation of Z(A)-modules from Γ(TM) into Der(A). Then, the map ∇◦ρ is a projetor
in End(Der(A)) and it split the spae Der(A) into an horizontal part (Der(A))
Hor
≃ Γ(TM)
and a vertial part (Der(A))
Ver
≃ Int(A) ≃ A0. Finally, one denes a Z(A)-module
homomorphism α from Der(A) to A0 by setting:
α = −iθ ◦
(
Id
Der(A) −∇ ◦ ρ
)
,
whih denes an element of Ω1
Der
(A). This expression makes sense beause the projetor
Id
Der(A) −∇ ◦ ρ has its image in Ker(ρ) ≃ Int(A). This onstrution an be sumarized by
the following diagram:
A0 Der(A)
−α
oo Γ(TM)
∇
oo
∇X X

oo
iθ(X −∇ρ(X )) =− α(X ) X

oo
(4)
This mean that any derivation an be deomposed in the following way:
X = ∇X + adγ , (5)
with X = ρ(X ) ∈ Γ(M) and γ = −α(X ) ∈ A0.
We an also onsider the dual exat sequene of Z(A)-modules:
0 // Ω1(M,EndE)
ρ∗
// Ω1
Der
(A)
ad∗
// A⊗Z(A) A
∗
0
// 0
a  // a ◦ ρ
ω  // ω ◦ ad
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where Ω1(M,EndE) = A⊗Z(A) Γ(T
∗M) onsists of End(E)-valued tensorial 1-forms over
M . We an split this exat sequene with an ordinary onnetion on E as we have done
for derivations:
Ω1(M,EndE) Ω1
Der
(A)
∇∗
oo A⊗Z(A) A
∗
0
−α∗
oo
ω ◦ ∇ ω

oo
−ω
Int
◦ α ω
Int

oo
Then we an deompose any 1-form ω ∈ Ω1
Der
(A) in the following way:
ω = ρ∗ωM − α∗ω
Int
(6)
with ωM = ∇∗ω ∈ Ω1(M,EndE) and ω
Int
= ad∗ ω ∈ A⊗Z(A) A
∗
0. We an remark that the
spae A ⊗Z(A) A
∗
0 is a spae of setions of a vetor bundle over M with bers Mn ⊗ sl
∗
n.
This deomposition an be easily generalize to the spae Ω
Der
(A).
1.5.2 Covariant dierential and ordinary urvature
The 1-form α assoiated to any ordinary onnetion ∇ an be fully haraterized by the
property:
α(adγ) = −γ ∀γ ∈ A0. (7)
We an also haraterize the spae of horizontal derivations by (Der(A))
Hor
≃ Ker(α).
From this properties, α an be ompared with the onnetion 1-form on a prinipal ber
bundle. We will see that this nonommutative 1-form plays here exatly the same role.
Let's rst introdue the following denition:
Denition 1.1 (Covariant derivative) Let ω ∈ Ωp
Der
(A) and X1, . . . ,Xp+1 ∈ Der(A).
The ovariant dierential of ω is dened by:
D : Ωp
Der
(A) −→ (Ωp+1
Der
(A))|Hor
ω 7−→ Dω : (X1, . . . ,Xp) 7→ dˆω(∇ρ(X1), . . . ,∇ρ(Xp+1)) ,
(8)
with (Ωp+1
Der
(A))|Hor the horizontal sub-spae of Ω
p+1
Der
(A) for the ation of Int(A).
We dene the urvature nonommutative 2-form Ω to be the ovariant derivative of the
nonommutative onnetion 1-form α. With the vertial property (7) of α, we have:
Ω = Dα = dˆα + α2 = ρ∗F . (9)
where F ∈ Ω2dR(M, ad(P )) is the tensorial 2-form dened by:
F (X, Y ) = Ω(∇X ,∇Y )
= Dα(∇X ,∇Y ) = −α([(∇X ,∇Y ])
for all X, Y ∈ Γ(TM). This equation an be interpreted as the obstrution to onstrut a
Lie algebra with horizontal derivations.
Naturally, the tensorial 2-form F oinide with the tensorial 2-form assoiated to the
onnetion ∇.
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1.5.3 Ordinary gauge transformations
It is natural to use the algebra A assoiated to the prinipal ber bundle P to desribe
the gauge group G and its Lie algebra Lie(G). Obviously, elements of G are setions of
the assoiated ber bundle P ×Ad SL(n) whih are exatly elements of SL(A), the group
1
omposed of determinant 1 elements of A. So we have G = SL(A). We have also that
Lie(G) = Γ(P ×ad sl(n)) = sl(A) = A0 ≃ Int(A).
Then, the gauge group ats innitesimally on a onnetion on P by Lie derivatives in
the diretion of internal derivations on the ane spae of nonommutative 1-forms whih
satisfy the vertial ondition (7). An element ξ ∈ A0 at on a nonommutative 1-form α
whih represent a onnetion ∇ by:
α 7→ αξ = −Ladξα = dˆξ + [α, ξ] = Dξ ,
and αξ represent the onnetion ∇ξ.
We will now introdue the onept of nonommutative tensorial forms whih will per-
mits us to generalize the ation of G on tensorial forms.
1.6 Nonommutative tensorial forms
1.6.1 Assoiated vetor bundles and representations of Der(A)
In this setion, we will see that it is possible to onstrut a representation of the Lie algebra
Der(A) from any vetor bundle F = P ×R V assoiated to P for a representation R. We
will onsider the module F = Γ(F ) over C∞(M) and the ation of Der(A) given by:
R(X ) ·m = ∇Fρ(X )m− R(α(X )) ·m ∀m ∈ F (10)
where ∇ is a onnetion on P and ∇F its representation on setions of F . This expression
make sens beause α, whih is the nonommutative 1-form anonially assoiated to ∇,
takes its values in A0 whih naturally ats on F by innitesimal gauge transformations.
This representation generalize in fat the deomposition obtained in the formula (5) that
we ould rewrite:
X = ∇
End(E)
ρ(X ) − adα(X )
On an hek that the ation of derivations desribe in formula (10) is a representation
of Lie algebra:
R([X ,Y ]) = [R(X ), R(Y)] .
and that it is independent of the hoie of the onnetion ∇.
1
For a SU(n) prinipal ber bundle, the gauge group is isomorphi to U(A), the group of unitary
elements of A.
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1.6.2 Generalization of tensorial forms
From the representation R of Der(A) on setions of a module F assoiated to P , we an
onstrut a dierential graded omplex (Ω
Der
(A,F), dˆF ). We dene Ω
Der
(A,F) as the set
of Z(A)-multilinear appliations from Der(A) to F and the dierential dˆF by a Koszul
formula:
dˆFω(X1, . . . ,Xn+1) =
n+1∑
i=1
(−1)i+1R(Xi) · ω(X1, . . .
i
∨. . . . ,Xn+1)
+
∑
1≤i<j≤n+1
(−1)i+jω([Xi,Xj], . . .
i
∨. . . .
j
∨. . . . ,Xn+1) . (11)
As usually, we an also dene Cartan operations i and LR on this omplex.
We an dene a notion of horizontal forms and of ovariant derivation on Ω
Der
(A,F),
with the same denitions than in setion 1.5. The ovariant derivation that we obtain is
related to the usual ovariant derivative on tensorial forms by the formula:
ρ∗Dω = ∇Fρ∗ω ∀ ω ∈ Ω
Der
(A,F)
We extend the ation of Lie(G) on F to an ation on Ω
Der
(A,F) by the formula:
ωγ = −LRadγω , (12)
for γ ∈ A0 and ω ∈ ΩDer(A,F). This ation is obviously ompatible with the ation of
Lie(G) on tensorial form in the sens that for an element ω ∈ Ω(M,F ), we have:
(ρ∗ω)γ = −LRadγ (ρ
∗ω)
= −iadγ dˆ
R(ρ∗ω) = −R(adγ) · ρ
∗ω = R(γ) · ρ∗ω
= ρ∗ωγ
(13)
where ωγ denotes the usual innitesimal gauge transformation on tensorial forms and we
have used denitions (12), (11) and (10) .
1.6.3 Deomposition of nonommutative tensorial forms
When we have a onnetion ∇ on End(E), we an deompose any tensorial 1-form into
vertial and horizontal part as we have done in setion 1.5.1. Hene, an element ω ∈
Ω
Der
(A,F) an be deomposed in the following way:
ω(X ) = a(ρ(X ))− ϕ(α(X )) (14)
with a ∈ Ω1(M,F ) and ϕ ∈ F ⊗Z(A)A
∗
0. It an be written ω = ρ
∗a−α∗ϕ and a and ϕ are
haraterize by the relations:
a = ω ◦ ∇ = ∇∗ω
ϕ = ω ◦ ad = ad∗ ω
9
With this deomposition, we an establish a relation between de dierential dˆF and the
ovariant derivative on Ω1
Der
(A,F).
dˆFω = Dω − [α, ω]− (ad∗ ω) ◦ α2 + ρ∗∇(ad∗ ω) ◦ α (15)
= Dω − [α, ω]− ϕ ◦ α2 + ρ∗(∇ϕ) ◦ α (16)
where ∇ϕ means the usual ovariant derivative on ϕ seen as a setion on the vetor bundles
F ⊗End∗0(E) (End
∗
0(E) is the dual bundle of the bundle of traeless endomorphisms). This
relation will be useful in setion 2 for the alulation of the nonommutative urvature of
a nonommutative onnetion.
Remark 1 From the denition given in 1.1.1, we an assoiate to every assoiated vetor
bundle F an endomorphism algebra AF whih is a Der(A) module and we an onsider the
dierential graded algebra Ω
Der
(A,AF ) as a dierential alulus for the algebra AF .
1.7 Chern-Weil homomorphism
We have seen that the exat sequene of derivations (2) an always be split as a sequene
of Z(A)-modules with an ordinary onnetion but that there is an obstrution to spilt it
as an exat sequene of Lie algebras. This obstrution is haraterized by the urvature
of this onnetion. We will show in this setion that this exat sequene an be used to
onstrut a Chern-Weil homomorphism using the onstrution presented in [8℄ adapted to
the short exat sequene:
0 //A0
ad
//
Der(A)
ρ
//Γ(TM) //0 , (17)
First, we an remark that the Lie algebra A0 is a Der(A)-module and a Z(A)-module.
Thus we an onsider the omplex of Z(A) multilinear symmetri appliations from A0 to
Z(A) whih we denote:
Cq = SqZ(A)A
⋆Z(A)
0 ,
where ⋆Z(A) is the operation whih ats on the ategory of Z(A)-modules desribed in
[9℄. We have a natural ation of Der(A) on this omplex whih is given by a Lie derivative.
So it is natural to onsider the invariant sub-omplex (SqZ(A)A
⋆Z(A)
0 )Der(A)−Inv. An element
f of this omplex, is a Z(A) multilinear symmetri appliations from A0 to Z(A) whih is
invariant under the ation of Der(A):
LXf = 0 ∀ X ∈ Der(A) , (18)
where LX is the Lie derivative naturally dened on multilinear appliations. This spae is
isomorphi to the spae of invariant polynomials on sl(n). To show that, we an introdue
10
an ordinary onnetion ∇ whih split the short exat sequene (17). then the invariant
ondition (18) an be split into a vertial and horizontal part and we have:{
L∇Xf = 0
Ladγf = 0
∀X ∈ Γ(M), γ ∈ A0 .
We dedue from this relations that f is a onstant appliation on the base manifold M
and that it dene an invariant polynomial on sl(n).
Then, the urvature 2-form F assoiated to ∇ permit to assoiate to f an element:
f∇ = f(F ∧ · · · ∧ F ) ∈ Ω
2q(M) ,
We then reover the usual onstrution of the Chern-Weil homomorphism and so we have
that f∇ is a losed form and that its ohomology lass is independent of ∇. In onlusion,
we have onstrut a linear appliation:
PI(sl(n)) ≃ (SZ(A)A
⋆Z(A)
0 )Der(A)−Inv −→ H
even(M)
f 7−→ [f∇]
whih assoiate to every invariant polynomial on sl(n) an element of the even de Rham
ohomology of M . Obviously, this appliation orrespond to usual Chern-Weil homomor-
phism.
We an notie that usually, this homomorphism an be obtained from the Weil algebra
whih use the nite dimensional Lie algebra the struture group. Here we didn't use this
Lie algebra but we have worked diretly with the Lie algebra Int(A) ≃ A0 whih an
be identify with the Lie algebra of innitesimal gauge transformations. This Lie algebra
is innite dimensional and we have surprisingly extrat from it invariant polynomials by
imposing an invariane ondition with respet to the (innite dimensional) Lie algebra
Der(A).
This onstrution raise new questions. For an endomorphism algebra A, it ould be
interesting to see if this onstrution ould be related to other homologial onstrutions
for algebras like the basi ohomology introdued in [10℄, where it is shown that basi
ohomology of the algebra Mn(C) is isomorphi to the set of invariant polynomials on
Mn(C). There is also an other approah [11℄ of the Chern-Weil theory in nonommutative
geometry whih use Hopf algebra ations and yli ohomology. This ontext is more
general than the one onsidered here in the sens that it an be adapted to foliations or to
pure algebras with an Hopf algebra ation. The algebra whih was onsidered in [11℄ to
onstrut the Chern-Weil map is the onvolution algebra of the holonomy groupoid of a
foliation. In the ase of a prinipal ber bundle, this algebra is Morita equivalent to the
spae of funtions on the base manifold. It ould be interesting to make a ontat with
this approah of the Chern-Weil theory and the one presented here. This ould be done by
taking into aount the Lie algebroid struture of Der(A) and its relation with the Atiyah
Lie algebroid remarked in [4℄.
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We an also remark that this onstrution an be easily transposed to any assoiative
algebra A, using the short exat sequene of derivations:
0 //Int(A) //Der(A)
ρ
//
Out(A) //0 .
This would lead to interesting results if the spae of internal derivations is not too small.
2 Nonommutative onnetions
In the previous setion, we have introdue a notion of ordinary onnetion where the
notion of onnetion referred to splittings of short exat sequenes of Lie algebras and
Z(A)-modules. We will now introdue an other notion of onnetion for endomorphism
algebras.
For a right A-module M, we onsider the following denition of onnetion:
Denition 2.1 We all a Ω
Der
(A)-onnetion, an appliation:
∇ˆ :M→M⊗A Ω
1
Der
(A)
whih satises:
∇(mb) = ∇(m)b+mdˆb .
Suh a onnetion an naturally be extended to an appliation:
∇ˆ : Ωn
Der
(A,M) −→ Ωn+1
Der
(A,M)
using a Koszul formula:
∇ˆω(X1, . . . ,Xn+1) =
n+1∑
i=1
(−1)i+1∇Xiω(X1, . . .
i
∨. . . . ,Xn+1) (19)
+
∑
1≤i<j≤n+1
(−1)i+jω([Xi,Xj], . . .
i
∨. . . .
j
∨. . . . ,Xn+1) . (20)
2.1 Referene onnetion
For an endomorphism algebra A, we an dedue from Morita equivalene that any nite
right A projetive module an be put through the form M = Γ(F ⊗ E∗) where F is an
arbitrary vetor bundle over the base manifoldM . Loally one hasM≃ C∞(M)⊗Mk,n(C),
where Mk,n(C) are k × n omplex matries.
We an remark that any ordinary onnetion ∇F⊗E
∗
on F ⊗ E∗ an be used to dene
a referene onnetion:
∇˜Xm = ∇
F⊗E∗
ρ(X ) m+m · α(X ).
where α is the nonommutative 1-form assoiate to the onnetion ∇E
∗
on E∗.
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2.2 Assoiated modules
We an speialize to the ase where the vetor bundle F is assoiated to the prinipal ber
bundle P . We will then say that the module F = Γ(F ) is assoiate to P . Speialization to
suh modules will be neessary in order to have a natural ation of Der(A) onto elements
of A-moduleM. We will write F = P ×RF V where R
F
is a representation of SLn on the
vetor spae V . Then, using the fat that the spae of onnetions is an ane spae, we
an write any nonommutative onnetion:
∇ˆXm = ∇˜m+B(X ) ·m. (21)
with B ∈ Ω
Der
(A,AF ) and AF ≃ EndA(M) ≃ Γ(EndF ) is the endomorphism algebra
assoiated to the vetor bundle F .
BeauseM is now a Der(A)-module, we an introdue the dierential module (Ω
Der
(A,M), dˆ)
and also write a nonommutative onnetion:
∇ˆXm = dˆm+ ω(X ) ·m (22)
with ω ∈ Ω
Der
(A,AF ). We an remark that, using the formula (10), the dierential dˆ is
here dened by:
dˆm(X ) = ∇F⊗E
∗
ρ(X ) m− R
F (α(X ))m+m · α(X ) .
Then ω and B are relate by the formula:
ω = B +RF (α)
Hene, we have two possible deompositions of a nonommutative onnetions. We will
see that the deomposition (22) is well adapted to do algebrai omputations. It will be
more onvenient to use the deomposition (21) when we will write a Yang-Mills ation
(f. setion 4) for nonommutative onnetions. Indeed, with an ordinary onnetion ∇
on P , the deomposition B = ρ∗a − α∗ϕ with a ∈ Ω1(M,EndF ) a tensorial 1-form and
ϕ ∈ AR⊗A∗0 a setion of a vetor bundle over M , will permit us to distinguish Yang-Mills
elds and salar elds in a nonommutative onnetion.
It is also interesting to desribe the gauge group assoiate to a nonommutative onne-
tion. The group Aut(M) of automorphism of M ats on the ane spae of onnetions:
∇̂ 7→ ∇̂U = U−1 ◦ ∇̂ ◦ U .
BeauseM has an hermitian struture, it is natural to restrit us to the ation of unitaries
of Aut(M). So, we will all the nonommutative gauge group Gˆ = U(AR). The ation of
Gˆ an be transposed to the nonommutative 1-form ω dened in formula (22). The 1-form
ωU whih represent ∇̂U is related to ω by the formula:
ωU = U−1ωU + U−1dˆU (23)
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One an also onsider innitesimal transformations:
ω 7→ dˆγ + [ω, γ] , for γ ∈ sl(AR) . (24)
It is important to notie that elements of Gˆ are setions of a bundle assoiated to P
(with struture group SLn or SU(n)) and with bers U(k). Hene, this group has nothing
to do with the geometri gauge group G = SL(A) introdued in setion 1.6.2 whih is
assoiated to the prinipal ber bundle P . We have see in setion 1.5.3 that this group ats
naturally on nonommutative tensorial forms in a way that its ation extend the ation
on ordinary tensorial forms. Its innitesimal ation orresponds to Lie derivatives in the
diretion of internal derivations, as in formula (12). So, for an element ω ∈ Ω1
Der
(A,M),
it orresponds to the ation:
ω 7→ −LRadγω for γ ∈ sl(A) . (25)
We an remark that the ation (25) and (24) oinide when AR = A and when ω is
a nonommutative 1-form whih represent an ordinary onnetion, so whih satises the
vertial ondition ω(adγ) = −γ. We an also remark that the ation (25), orrespond to
what we usually all ative gauge transformation on tensorial objets and that it has a
passive ounterpart whih is the fat that the transformation (25) have loal expressions
similar to hanges of trivializing harts.
2.3 Nonommutative urvature
In the ase of a P assoiated module, we an haraterize the urvature by a nonommu-
tative 2-tensorial form Ω by posing:
(∇ˆ2m)(X ,Y) =
(
[∇ˆX ,∇Y − ∇ˆ[X ,Y ]
)
m = Ω(X ,Y) ·m (26)
with Ω ∈ Ω2
Der
(A,AF ). Then if we use the deomposition
B = ρ∗a− ϕ ◦ α
assoiated to a onnetion ∇, a diret alulation show that:
Ω = ρ∗
(
R(F )− ϕ(F ) +∇a+ a2
)
−α∗ρ∗
(
∇ϕ+ [a, ϕ]
)
+
+
1
2
(
[ϕ ◦ α, ϕ ◦ α]− ϕ ◦ [α, α]
)
. (27)
where F is the urvature tensorial 2-form assoiated ∇.
We an also alulate the urvature Ω with the N.C. tensorial form ω dened in equa-
tion (22), and so, from (26), we have:
Ω = dˆω + ω2
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where dˆ is here the dierential dened on Ω
Der
(A,AF ). Now, if we the deomposition
assoiate to a onnetion ∇:
ω = RF (α) + ρ∗a− ϕ ◦ α
we obtain that:
Ω = dˆω + ω2
= Dω − [α, ω] + (1− ϕ) ◦ α2 − ρ∗∇ϕ ◦ α++[α, ω]− α2 + ρ∗a2 + (ϕ ◦ α)2 − [ρ∗a, ϕ ◦ α])
= Dω + ρ∗a2 − (ρ∗∇ϕ ◦ α + [ρ∗a, ϕ ◦ α]) + (ϕ ◦ α)2 − ϕ ◦ α2
This result is the same than in the formula (27), thanks to the relations:
DRF (α) = ρ∗RF (F )
Dρ∗a = ρ∗∇a
D(ϕ ◦ α) = ϕ ◦RF (F )
It is interesting to give loal expressions of the urvature. Loally, in the basis of
derivations {∇µ, adEa} where ∇µ = ∇∂µ and {Ea} is an hermitian basis of sln(C), on has:
Ωµν = Ω(∇µ,∇ν) = R(Fµν)− ϕ(Fµν) +∇µaν −∇νaµ + [aµ, aν ]
Ωµb = Ω(∇µ, adEb) = ∇µϕb + [aµ, ϕb]
Ωab = Ω(adEa , adEb) = [ϕa, ϕb]− ϕcC
c
ab
where:
ϕa = ϕ(Ea) , ∇µϕb = ∂µϕb + [R(Aµ), ϕb]− C
c
abA
a
µϕc
aµ = a(∂µ) , ∇µaν = ∂µaν + [R(Aµ), aν ]
and A is the loal gauge potential assoiated to ∇.
Now, we would be interested into write a Yang-Mills-like ation for this nonommutative
onnetion. In order to do that, we need before to introdue a notion of metri and of
integration.
3 Integration and Riemannian struture
3.1 Riemannian struture
It is possible to introdue a notion of metri on Der(A) and on Ω
Der
(A) whih generalize
the notion of metri on vetor elds on M and on de Rham dierential forms. We will
need this notion to be able to onstrut a Yang-Mills type ation for nonommutative
onnetions.
We will see that this notion of metri will produe a mehanism similar to the one
enounter in Kaluza-Klein theories over prinipal ber bundles.
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3.1.1 Metris
Denition 3.1 We will all a (pseudo-)metri on Der(A), a symmetri Z(A)-bilinear
appliation (i.e. an element of (S2Z(A)Der(A))
⋆Z(A)
):
g : Der(A)⊗Z(A) Der(A) −→ Z(A)
We will say that this metri is non degenerate if:
g♭ : Der(A) −→ Ω1
Der
(A)
X 7−→ [Y 7→ g(X ,Y)]
is injetive and Ω1
Der
(A) is span by its Z(A)-submodule (Im g♭).
It is known that Der(A) ≃ (Ω1
Der
(A))∗A = HomAA(Ω
1
Der
(A),A) and then, Der(A) an be
onsider as a sub module of Hom
Z(A)
Z(A)(Ω
1
Der
(A),A). In this sense, we an see Der(A) as a
A−A bimodule, whih is here isomorphi to A⊗Z(A) Der(A). We an easily extend g to
an homomorphism of A-bimodule2:
g : Der(A)⊗A Der(A) −→ A ,
by imposing g(a·X ·b, c·Y ·d) = a·b·c·d·g(X ,Y) for all a, b, c, d ∈ A and all X ,Y ∈ Der(A),
with g(X ,Y) ∈ Z(A). Then the non degeneray ondition on g is equivalent to say that
g♭ is a A bimodule homomorphism whih is bijetive. We will all h# its inverse. Then we
an dene a notion of metri on Ω1
Der
(A) by onsidering the A-bimodule homomorphism:
h : Ω1
Der
(A)⊗A Ω
1
Der
(A) −→ A
(ω, η) 7−→ g(h#(ω), h#(η))
This notion of metri an easily be extend to a notion of metri on Ω
Der
(A) as an homo-
morphism of A-bimodule:
h : Ω
Der
(A)⊗A ΩDer(A) −→ A
For that, we pose for elements of Ω
Der
(A) of the form ω = Πiω
(i)
with ω(i) ∈ Im(g♭) ⊂
Ω1
Der
(A):
h(ω, η) =
{
O if deg(ω) 6= deg(η)
det((h(ω(i), η(j)))i,j∈[1,N ]) for n = deg(ω) = deg(η)
We then extend this denition to all elements of Ω
Der
(A) by linearity and ation of A.
We will say that h is the metri inverse of g and that g and h dene on A a (pseudo-)
Riemannian struture.
2
In order to simplify the notation, will use the notation Der(A) for the A-bimodule generate by Der(A).
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3.1.2 Deomposition of the metri and referene onnetion
We will show the following proposition:
Proposition 3.1 For a Riemannian struture on A given by a metri g on Der(A), suh
that g
Int
= ad∗g is non degenerate, then there exist a unique onnetion ∇ on End(E) suh
that:
g(∇X, adγ) = 0 ∀X ∈ Γ(M), γ ∈ A (28)
Demonstration :
The appliation g
Int
is a Z(A)-bilinear appliation from A0 to Z(A) and we an asso-
iate to it an appliation: g♭
Int
: A0 → A
⋆Z(A)
0 . We will denote h
#
Int
its inverse. As we have
done for h#, we an extend h#
Int
to an homomorphism A⊗Z(A)A
⋆
0 → A⊗Z(A)A0 and dene
the inverse metri h
Int
of g
Int
. Then it make sens to onsider the appliation:
α(X ) = −g(X , ad◦h#
Int
(IdA0)) = −hInt(ad
∗g♭(X ), IdA0)
where the element ad ◦ h#
Int
(IdA0) is in the A bimodule generate by Int(A). We an hek
by a simple alulation that α(adγ) = −γ for all γ ∈ A0. Then α dene a onnetion ∇
on End(E) whih is given by the formula:
∇ρ(X ) = X + ad(α(X )) ∀X ∈ Der(A) .
This onnetion satises the relation (28) and the non degeneray of g
Int
shows its unique-
ness. 
From the previous proposition, we dedue the following property on every metri on
Der(A) whih is non degenerate along bers, i.e. for whih the metri ad∗ g is non degen-
erate.
Property 3.2 If g is a metri non degenerate along bers, then it an be deomposed as:
g = ρ∗gM + α∗g
Int
, with gM = ∇∗g and gInt = ad∗ g .
We an remark that this deomposition is similar to the one previously enounter for
nonommutative 1-forms.
We also have the following property:
Property 3.3 For a metri g as in proposition 3.1 and with inverse metri h, we have
that:
gM♭ = ∇∗ ◦ g♭ ◦ ∇ has for inverse hM# = ρ ◦ h# ◦ ρ∗
h#
Int
= α ◦ h# ◦ α∗ has for inverse g♭
Int
= ad∗ ◦g♭ ◦ ad
The equation (28) has its equivalent for h, whih is:
h(ρ∗µ, α∗η) = 0 ∀µ ∈ Ω(M,End(E)), ∀η ∈ A⊗Z(A) A
∗
0 .
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Finally, we have that the metri h on Ω1
Der
(A) an be deomposed in the following way:
h = ∇∗h
M + ad∗ hInt , with h
M = ρ∗h and hInt = α∗h .
Remark 2 We an remark that it is possible to onstrut a metri from an ordinary metri
gM on M and a onnetion ∇ on P and a non degenerate symmetri bilinear form on A0.
Remark 3 The Killing form on sln dene a partiular internal metri whih has the
partiularity to being invariant through the ation of Der(A). We an ompare this internal
metri as an equivalent of the internal 1-form iθ whih is also Der(A)-invariant.
3.1.3 Loal expressions of the metri
We will give loal expressions of a metri satisfying the onditions of proposition 3.1. We
will work over an open hart U with oordinates xµ and a basis Ea of hermitian matries
of sln. In this basis, we an desribe the metri gloc by its omponents:
gloc(∂µ, ∂ν) = gµν gloc(∂µ, adEb) = gµb
gloc(adEa, ∂ν) = gaν gloc(adEa , adEb) = gab
If we denote B = (∂µ, adEa) the loal basis of derivations, we will denote the omponents
of the metri by:
(gloc)B =
(
gµν gµb
gaν gab
)
Now, from the previous proposition, we an dene a nonommutative 1-form α whih
will have for loal expression:
αloc = Eaα
a = Ea(A
a − iθa)
We denote B⋆ = (dxµ, iθa) the dual basis of B, and Aa is a loal 1-form in Ω(U) ⊗ sln,
alled the gauge potential. It is dened by:
Aaµ = −h
ab
Int
gbµ and (h
ab
Int
) = (gab)
−1 .
A more appropriate basis to desribe the metri is obviously the basis B′ = (∇µ, adEa),
with ∇µ = ∇∂µ = ∂µ + adAµ , for derivations, and the dual basis B
′⋆ = (dxµ,−αa) for
1-forms. We have in this basis:
(gloc)B′ =
(
gMµν 0
0 gab
)
, with gMµν = gloc(∇µ,∇ν) = gµν −A
a
µA
b
νgab .
We denote the omponents of hloc in the dual basis B
⋆ = (dxµ, iθa):
hloc(dx
µ, dxν) = hµν hloc(dx
µ, iθb) = hµb
hloc(iθ
a, dxν) = haν hloc(iθ
a, iθb) = hab
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We have the property that:
Aaµ = g
M
µνh
aν
and (gMµν) = (h
µν)−1 ,
and in the dual basis B′⋆ = (dxµ,−αa), hloc take the diagonal form:
(hloc)B′⋆ =
(
hµν 0
0 hab
Int
)
with hab
Int
= hab − hµνAaµA
b
ν
If we return to the basis B and B′, the metri g and h have the following form:
(gloc)B =
(
gµν −A
a
µgab
−gabA
b
ν gab
)
(hloc)B =
(
hµν hµνAbν
Aaµh
µν hab
)
.
Remark 4 The expressions that have obtain are similar to expressions that we ould have
obtain by the formulation of a Kaluza-Klein theory on the prinipal ber bundle P .
3.2 Integration
It is possible to dene(see [5℄) an integration along bers:
∆nc : ΩDer(A) −→ Ω(M)
In [5℄, the metri used to dene this integration was the Killing metri. The onstrution
was based on the yle, in the sens of [12℄, introdued in [13℄ for matrix algebras. For an
algebra of endomorphisms with an arbitrary Riemannian struture, we an generalize this
onstrution by onsidering a yle on bers whih is not neessary invariant. Then it
easy to onstrut a yle (Ω
Der
(A),Ø) on A by onsidering the appliation:
Ø : Ω
Der
(A) −→ C
ω 7→ ∆M ◦∆nc ω
with∆M the usual integration on the manifoldM and∆nc the integration along bers. One
an onstrut this yle in a similar way than in [5℄ using the metri gab = gloc(adEa , adEa)
(in loal oordinates) instead of the Killing metri on matries.
3.2.1 Hodge operation
As in the ommutative ase, when A omes with a Riemannian struture, it is then natural
to dene a Hodge operation:
⋆ : Ωk
Der
(A)→ Ωd+n
2−1−k
Der
(A) , (29)
with d the dimension of the manifold M and n the rank of the bers of E.
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Loally, an element ω ∈ Ωr
Der
(A) an be write ωloc = ωµI ,rJdx
µIαrJ , with I and J
multi-indies. Then the Hodge operation is dene loally by the formula:
(⋆ω)loc =
(−1)|J |(d−|I|)
(d− |I|)!(n2 − 1− |J |)!
ωµI ,rJ h
µIνI ǫMνIνK h
rJsJ
Int
ǫsJsL dx
νKαsL ,
with ǫM and ǫ the tensors:
ǫMν1···νd =
√
det(gMµν) δ
1··· d
ν1···νd
ǫs1···sn2−1 =
√
det(gab) δ
1··· n2−1
s1···sn2−1
.
where the symbol δ1 ··· NA1···AN is the totally anti-symmetri Kröneker symbol (the determinant
of the matrix (δIAJ )I,J∈[1,N ], with δ the usual Kröneker symbol).
One hek easily that this form is of degree (d+n2−1−r) and that the Hodge operation
satises:
⋆⋆ = (−1)r(d+n
2−1−r)
on forms of degree r.
Now, we an write the metri in the following way:
h(ω, η) = ⋆−1(ω ⋆ η) if ω and η have the same degree
= 0 elsewhere
with ω, η ∈ Ω
Der
(A).
One an also easily extend the Hodge operation to Ω
Der
(A,F), the dierential omplex
onstrut for any P -assoiate module F dened in setion 1.6.
3.2.2 Hermitian struture and salar produt on N.C. tensorial forms.
Let F a right A-module. We all an hermitian struture on a F an appliation:
〈 , 〉 : F ⊗C∞(M) F −→ A
We an obviously extend it on the omplex Ω
Der
(A,F) to an appliation:
〈 , 〉 : Ω
Der
(A,F)⊗C∞(M) ΩDer(A,F) −→ ΩDer(A)
With suh an hermitian struture and a hodge operation on Ω
Der
(A,F), we an dene
a salar produt on Ω
Der
(A,F) whih is dened for two elements ω, η ∈ Ω
Der
(A,F) by:
(ω, η) = Ø〈ω, ⋆η〉
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4 The nonommutative Yang-Mills model
4.1 Yang-Mills ation
In this setion, we will onstrut an ation for an arbitrary nonommutative onnetion ∇ˆ
on a right module M over an endomorphism algebra A and whih is assoiated to P .
We will onsider a Riemannian struture on A, given by a non-degenerate metri g
on Der(A) and a metri h on Ω1
Der
(A) as dene in setion 3.1. We have seen that this
Riemannian struture naturally dene an ordinary onnetion ∇ on EndE. Then, this
onnetion an also be used to deomposed the degrees of freedom of the N.C. onnetion
∇ˆ in term of a tensorial form a and salar elds as introdue in the setion 2. We an
assoiate to this onnetion a urvature nonommutative 2-form and onsider the minimal
ation priniple based on the funtional:
S[∇ˆ] = ‖Ω‖2 = (Ω,Ω) = Ø〈Ω, ⋆Ω〉 .
If we use the ordinary onnetion oming from the metri to deompose the urvature into
an horizontal and a vertial part, than this ation split into three terms:
S[ω] = ‖R(F ) +∇a + a2 − ϕ(F )‖2
+ ‖∇Aϕ+ [a˜, ϕ]‖
2 + ‖(ϕ ◦ α)2 − ϕ ◦ α2‖2 . (30)
We an remark that it is essential to use the ordinary onnetion oming from the metri
to deompose the degrees of freedom of the nonommutative onnetion ∇ˆ, otherwise the
deomposition of the ation would have been a lot more ompliated.
This ation generalize the ation obtain in [9℄ for the algebra C∞(M)⊗Mn(C), whih
an be onsider as the endomorphism algebra assoiated to a trivial ber bundle. So, we
an reover the ation found in [9℄ by taking a trivial ber bundle E and a gauge potential
Aµ = 0. The prinipal dierene with the trivial situation orrespond to the introdution
of a referene onnetion oming from a Riemannian struture over A. This onnetion
is neessary in order to deompose orretly the dierent loal expressions. However, we
must notie that global eets an arise due to the topology of the vetor bundle E. So,
a areful analysis of the equations of motion and of the vauums must be perform in this
ase.
4.2 Analysis of the vauums
For the Eulidian ation (with positive signature), the vauums are given by the following
solutions:
[ϕ(Ea), ϕ(Eb)] = ϕ([Ea, Eb])
∇ϕ+ [a, ϕ] = 0
R(F ) +∇a+ a2 = ϕ(F )
⇒

ϕ = Ri representation of sun(C)
dϕ+ [(R− ϕ)(A) + a, ϕ] = 0
(R− ϕ)(F ) +∇a+ a2 = 0
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where A is the loal gauge potential of ∇.
We an try to resolve this system of equations. We an rst remark that there always
exists a good global solution whih is ϕ = R and a = 0. We an remark that for this
solution, ϕ is onstant.
The existene of other global solutions may depends of the struture of the vetor
bundle E. To haraterize this fat, we an rst remark that the potential, the third term
in the formula (30), vanish when ϕ is a representation of the Lie algebra A0. In the trivial
situation, it was shown in [9℄ that all this solutions orrespond to vauums and an be map
to onstant representations of sln by a gauge transformations. Hene, gauge inequivalent
vauums were lassied by inequivalent lasses of representations of sln. In the ase of
a non trivial ber bundles, we an see that when ϕ is a general representation of A0, it
an no longer be mapped to a onstant representation in general (for ϕ 6= R and ϕ 6= 0).
This simply mean that a gauge transformation on a nonommutative onnetion an not
ompensate the variations of elds due to hanging of harts. This phenomenon also
mean that general ongurations whih have a zero potential energy will be neessary non
onstant and so, most of the time, they will not desribe vauums. We have yet to disuss
the ase of the trivial representation ϕ = 0, a = 0. We an see that this onguration
orrespond to a vauum if and only if the referene urvature 2-form F is zero. So, if the
ber bundle E does not admit onnetions with vanishing urvature, this onguration
will not orrespond to a vauum.
We an onlude from this analysis that in the ase of a non trivial ber bundle, it
an happen that some vauums of the trivial situation disappear. The only vauum of the
trivial situation whih remain to be a vauum is the onguration ϕ = R, a = 0 whih
orrespond to the massive setor in the Higgs mehanism piture. We an so naively say
that the topology of the spae-time manifold M seems disturb the Higgs mehanism in
suh a model of symmetry breaking and that the non trivial struture of the vetor bundle
furnish a kind of seletion rule in the vauums.
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Appendix
A Levi-Cività onnetion
A.1 Denitions
It is possible to introdue the onept of linear onnetion [14℄ on Der(A) and to assoiate
to any Riemannian struture a unique linear onnetion without torsion whih left the
metri invariant. We all suh a onnetion a Levi-Cività onnetion.
We preise this notions in the following denitions:
Denition A.1 (Linear onnetion) A linear onnetion is a onnetion on the Z(A)-
module Der(A), i.e. an appliation:
Der(A)→ End(Der(A))
X 7→ DX
whih satisfy
DX (fY) = X (f)Y + fDX (Y) DfX (Y) = fDX (Y) ∀X ,Y ∈ Der(A), ∀f ∈ Z(A) .
The appliation D an also be view as an appliation
Der(A)→ Ω
Der
(A,Der(A))
Denition A.2 (Torsion) The torsion TD assoiate to a linear onnetion D is the non-
ommutative tensorial 2-form TD ∈ Ω2
Der
(A,Der(A)) dened by the formula:
TD(X ,Y) = DX (Y)−DY(X )− [X ,Y ] .
Denition A.3 (Levi-Cività onnetion) The Levi-Cività onnetion assoiated to a
metri g on Der(A) is the unique linear onnetion without trosion (TD = 0) whih left
the metri g invariant:
X (g(Y ,Z)) = g(DXY ,Z) + g(Y , DXY) ,
Then, the Levi-Cività onnetion is dened by the following relations:
2g(DXY ,Z) = X (g(Y ,Z)) + Y(g(X ,Z))−Z(g(X ,Y))
+ g([X ,Y ],Z) + g([Z,Y ],X ) + g([Z,X ],Y) . (31)
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A.1.1 Loal expressions and Christoel symbols
We onsider a metri g on Der(A) and a metri h on Ω
Der
(A) whih dene a Rieman-
nian struture on A. Let D be the Levi-Cività onnetion anonialy assoiated to it.
The expressions of the Levi-Cività onnetion in the loal basis of derivations (∇µ, adEa)
will dene the Christoel symbols. With the notations take in setion 3.1.3, we nd the
following expressions for the ovariant derivatives:
D∇µ∇ν =
1
2
adFµν +Γ
σ
µν∇σ + Γ
d
µν adEd
D∇µ adEb = ad∇µEb +Γ
σ
µb∇σ + Γ
d
µb adEd
DadEa∇ν = Γ
σ
aν∇σ + Γ
d
aν adEd
DadEa adEb =
1
2
ad[Ea,Eb]+Γ
σ
ab∇σ + Γ
d
ab adEd .
where the oeients ΓCAB are the Christoel symbols. They are dened by the following
formulas:
Γσµν =
1
2
hσρ(∂µg
M
νρ + ∂νg
M
µρ − ∂ρg
M
µν) Γ
d
µν = 0
Γσµb =
1
2
hσρgebF
e
ρµ Γ
d
µb =
1
2
hdc
Int
∇µgbc
Γσaν =
1
2
hσρgeaF
e
ρν Γ
d
aν =
1
2
hdc
Int
∇νgac
Γσab = −
1
2
hσρ∇ρgab Γ
d
ab =
1
2
hdc
Int
LadEcgab
where we have used the notations:
LadEcgab = (LadEcgInt)(Ea, Eb) = −C
e
cageb − C
e
cbgae
∇µEa = [Aµ, Ea] = A
b
µC
c
baEc
∇µgab = (L∇µgInt)(Ea, Eb) = ∂µgab − A
e
µC
f
eagfb − A
e
µC
f
ebgaf
Fµν = [∇µ,∇ν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] .
This linear onnetion has the same deomposition than the Levi-Cività onnetion
dened in a Kaluza-Klein theory on a prinipal ber bundle with struture group SU(n)
(see [15, 16, 17℄) and the alulations of quantities like urvature are idential than in the
present ontext. The salar urvature an be used to dene an Einstein-Hilbert ation
for the algebra A. This ation an be deomposed into three parts, orresponding to
vertial and horizontal degrees of freedom, as we have done for the Yang-Mills type ation
for nonommutative onnetions. One part will be the ordianry Einstein-Hilbert ation
assoiated to the metri gM on the base manifold. An other part will be a Yang-Mills
ation for the ordinary onnetion ∇ assoiated to the metri (see setion 3.1.2). The last
part is an ation with a quarti potential for salar elds. This salar elds orrespond
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to the vertial degrees of freedom of the metri. We don't reprodue here the alulations
beause they are idential to the one made in [15, 16, 17℄ in the ontext of a Kaluza-Klein
theory.
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